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Abstract
A common problem in biomedical research is to calculate the sample size required to
learn a classifier using a (possibly high-dimensional) panel of biomarkers. This paper
describes a simple method, based on a gaussian approximation for calculating the
predictive performance of the learned classifier given the size of the biomarker panel,
the size of the training sample, and the optimal predictive performance (expressed as
C-statistic Copt) of the biomarker panel that could be obtained if a training sample of
unlimited size were available. Under the assumption that the biomarker effect sizes
have the same correlation structure as the biomarkers, the required sample size
does not depend upon these correlations, but only upon Copt and upon the sparsity
of the distribution of effect sizes, defined by the proportion of biomarkers that have
nonzero effects . To learn a classifier that extracts 80% of the predictive information,
the required case sample size varies from about 0.1 cases per variable for a panel
with Copt = 0.9 and a sparse distribution of effect sizes (such that 1% of biomarkers
have nonzero effect sizes) to nine cases per variable for a panel with Copt = 0.75 and
a diffuse distribution of effect sizes.
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Introduction 1

A key objective in many areas of biomedical research is to learn to predict clinical 2

outcomes such as disease risk or drug response using panels of biomarkers. Platforms 3

that can assay thousands of proteins, gene transcripts, or metabolites are now available. 4

A new era is heralded with the emergence of “precision medicine, an innovative 5

approach to disease prevention and treatment that takes into account individual 6

differences in people’s genes, environments, and lifestyles.” (1). Statisticians are often 7

asked to estimate required sample sizes for such studies. Classical methods for 8

calculating statistical power to reject a null hypothesis at a specified level of significance 9

are not relevant to this problem. Methods described so far for estimating sample size for 10

learning to classify from high-dimensional biomarker platforms require preliminary 11

data on the covariance structure of the biomarkers (2). 12

This article describes a method for calculating the sample size required to learn to 13

classify from a high-dimensional biomarker panel that, given some simplifying 14

assumptions, does not require the availability of preliminary data. The researcher has 15

only to specify the number P of biomarkers on the panel, a plausible value for the 16

proportion φ of these biomarkers that have nonzero effects, and a plausible value for the 17

optimal predictive performance of the biomarker panel that could be learned from a 18

sample of unlimited size. 19

Methods and results 20

For simplicity the terms case and control are used though the argument applies to any 21

dichotomous outcome. A commonly-used design for biomarker studies is a nested 22

case-control design, in which a cohort of individuals with consent for storage of tissue 23

samples is established at baseline, and the members of this cohort are then followed up 24

to ascertain cases of an adverse outcome such as incident disease, recurrence of disease, 25

or non-response to drug therapy. These cases are then compared with controls from the 26

same cohort, using biomarkers measured on the stored tissue samples. 27

A measure widely used to evaluate the performance of a diagnostic classifier is the area 28

under the receiver operating characteristic curve or C-statistic, which can be defined as 29

the probability of correctly classifying a case-control pair. In a Bayesian framework, or 30

more generally according to the likelihood principle that is common to both Bayesian 31

and frequentist approaches, this classification should be based on the ratio of the 32

likelihoods of the two possible assignments of case-control status, given the data. 33

Denoting the two alternative assignments of case and control status of such a pair as 34

hypotheses (H1,H2), C is the probability that whenH1 is true the log Bayes factor 35

favouringH1 overH2 is greater than zero. 36

Among a series of results attributed to Turing (3) are that: 37

1. the sampling distribution of the log Bayes factor based on a sum of many 38

independent observations is asymptotically gaussian with (when natural 39

logarithms are used) variance twice its expectation 40
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2. the expectation under hypothesisH2 of the log Bayes factor favouringH1 over 41

H2 is asymptotically minus 1 times its expectation underH1 42

It follows that if the log Bayes factor favouringH1 overH2 is computed from many 43

biomarkers, its asymptotic sampling distribution (underH1) has mean 2Λ and standard 44

deviation 2
√

Λ. where Λ is the expected log Bayes factor favouring case over control 45

status in a case, or control over case status in a control. Thus C = 1− Φ
(
−
√

Λ
)

where 46

Φ is the standard gaussian cumulative distribution function. The C-statistic can thus be 47

interpreted as a mapping of the expected log Bayes factor Λ, which as a 48

Kullback-Leibler divergence can take non-negative real values, to the interval from 0.5 49

to 1. As Λ can be interpreted as the mean information for discriminating in favour of 50

true (case or control) status, this gives an information theoretic interpretation to the 51

C-statistic. 52

Gaussian distribution of effect sizes 53

The argument below adapts an approach described previously for inferring the presence 54

of an individual in a case sample (4). The approach described in that paper is equivalent 55

to evaluating the ability to predict the case-control status of an individual who was in 56

the training sample. This article however is concerned with the ability to predict the 57

case-control status of a new individual. For simplicity, the argument below is developed 58

for a study design with equal numbers of cases and controls, although it can be extended 59

to any dichotomous outcome. We assume that the likelihoods can be approximated by 60

the following simple model, in which the correlations between the biomarker effect 61

sizes are the same as the class-conditional correlations Σ between the P biomarkers:- 62

• The population means β of the case-control differences are distributed as 63

N
(
0, 1

JΣ
)
, where J is the precision (inverse variance) of the univariate 64

distributions. 65

• The biomarker vector of a control individual is distributed as N
(
η − 1

2β,Σ
)
. 66

• The biomarker vector of a case individual is distributed as N
(
η + 1

2β,Σ
)

67

Without loss of generality we specify that the population means η (over equal 68

proportions of cases and controls) of the P biomarkers are distributed as N
(
0, 1

K

)
, 69

where K is the precision of the univariate distributions. Write:- 70

• x0i,x1j for the biomarker values in the ith control and jth case 71

• ε0i, ε1j for the residual deviations in the ith control and jth case 72

• x̄0, x̄1 for the sample means of the biomarkers in N controls and N cases 73

respectively. 74

• y0, y1 for the biomarker vectors of a new case and a new control, standardized by 75

subtracting the combined mean of the case and control samples 76

• ε0, ε1 for the residual deviations in this new case and new control. 77

These vectors are then defined as sums of random variables:- 78
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x0i = η − 1

2
β + ε0i

x1j = η +
1

2
β + ε1j

x̄0 = η − 1

2
β +

∑
i

ε0i
N

x̄1 = η +
1

2
β +

∑
j

ε1j
N

x̄ :=
1

2
(x̄0 + x̄1) = η +

1

2

∑
i

ε0i
N

+
∑
j

ε1j
N


b := x̄1 − x̄0 = β +

∑
j

ε1j
N
−
∑
i

ε0i
N

y0 := x0 − x̄ = −1

2
β + ε0 −

1

2

∑
i

ε0i
N

+
∑
j

ε1j
N


y1 := x1 − x̄ =

1

2
β + ε1 −

1

2

∑
i

ε0i
N

+
∑
j

ε1j
N



The vector (η, β, b, y0, y1) is distributed with zero mean and cross-covariance 79

(omitting the upper diagonal) 80

η β b y0 y1


1
KΣ η
0 1

JΣ β
0 1

JΣ
(
1
J + 2

N

)
Σ b

0 − 1
2JΣ − 1

2JΣ
(
1 + 1

4J + 1
N

)
Σ y0

0 1
2JΣ 1

2JΣ
(
− 1

4J + 1
N

)
Σ

(
1 + 1

4J + 1
N

)
Σ y1

(1)

From standard results for the conditional distribution of a multivariate gaussian it 81

follows that the distributions of y1, y0 given b have means µ1 :=
1
2J

1
J + 2

N

b, 82

µo := −
1
2J

1
J + 2

N

b 83

and variance σ2Σ where σ2 := 1 + 1
4J + 1

N −
1

4J2
1
J + 2

N

84

Using angled brackets 〈〉H to denote taking the expectation under hypothesisH, and 85

D2 (x, µ,Σ) to denote the squared Mahalanobis distance of observation x from a 86
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distribution with mean µ and covariance Σ, the expectation given b andHcase of the log 87

Bayes factor favouring case over control status is 88

〈log p (y | b,Hcase)〉H case − 〈log p (y | b,Hcontrol)〉H case

=− 1

2
log detσ2Σ− 1

2
〈D2

(
y1,µ1, σ

2Σ
〉

+
1

2
log detσ2Σ +

1

2
〈D2

(
y1,µ0, σ

2Σ
)
〉

=− 1

2
D2
(
µ1 − µ0,0, σ

2Σ
)

(2)
as the expectation of the squared Mahalanobis distance of a P -dimensional observation 89

from its own gaussian distribution is P . Taking the expectation over b of the 90

Mahalanobis distance of (µ1 − µ0) from a distribution with mean 0 and covariance 91

σ2Σ, the expected log Bayes factor is 92

1

2
P

1
J2(

1 + 1
4J

(
1− N

N+2J

)
+ 1

N

) (
1
J + 2

N

) (3)

Thus the predictive performance of the learned classifier, given J, P and N does not 93

depend on the correlation structure of the biomarkers, as long as the correlation matrix 94

is of full rank. For infinite sample size N the maximum expected log Bayes factor Λopt 95

is 1
2P/J and the C-statistic Copt of an optimally-trained classifier is thus 96

1− Φ
(
−
√

1
2P/J

)
. 97

Rearrangement of equation (3) shows that for large J , the ratio of case sample size N to 98

number of biomarkers P is approximately 99

F

(1− F ) Λopt
(4)

where F is the ratio of the expected log Bayes factor obtained with the learned classifier 100

to the expected log Bayes factor Λopt obtained with the optimally-trained classifier. 101

For illustration we consider two hypothetical biomarker panels: one that in a clinical 102

setting would be considered a good predictor, with Copt = 0.9 (equivalent to 103

Λopt = 1.64 natural log units) and one that would be considered a moderate predictor 104

with Copt = 0.75 (equivalent to Λopt = 0.45 natural log units). If the criterion for 105

adequate sample size is specified as that the learned model should extract 80% of the 106

predictive information that would be obtained from the optimal model (F = 0.8). the 107

required ratio of cases to biomarkers is 2.4 for the good predictor and 8.9 for the 108

moderate predictor. 109

Sparse prior distribution of effect sizes 110

The assumption of gaussian priors on the biomarker effect sizes may be plausible for a 111

panel of candidate biomarkers that have been selected as likely to be relevant to the 112

outcome under study. In many situations, it is not possible to preselect the most 113
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biologically plausible biomarkers, and a generic measurement platform is used, such as 114

a genome-wide microarray to measure gene expression (∼ 20, 000 transcripts), or mass 115

spectrometry to measure metabolite profiles (∼ 1000 metabolites). The biomarkers 116

included on such platforms are not selected for relevance, and it is expected that only a 117

small proportion of them will be predictive of the outcome under study. A more realistic 118

prior to use with such biomarker panels is a spike-and-slab mixture, in which a 119

proportion (1− φ) of biomarkers have zero effect size (the spike) and the remaining 120

proportion φ have a gaussian distribution of effect sizes with mean zero and inverse 121

variance J (the slab). 122

For a single biomarker in a new case the observed value y1 is distributed conditional on 123

the case-control difference b with mean fµ1, and variance (from the law of total 124

variance) 125

f
(

1 + 1
4J + 1

N −
1

4J2
1
J + 2

N

)
+ (1− f)

(
1 + 1

N

)
+ f (1− f)µ2

1 126

where µ1 :=
1
2J

1
J + 2

N

b. For a single biomarker in a new control µ1 is replaced by 127

µ0 := −µ1. f is the posterior probability of the marker being in the slab mixture 128

component given the observed effect size b, calculated as 129

φ
σslab

exp
(
− 1

2
b2

σ2
slab

)
φ
σslab

exp
(
− 1

2
b2

σ2
slab

)
+ (1−φ)

σspike
exp

(
− 1

2
b2

σ2
spike

) (5)

where σ2
slab = 2

N + 1
J , σ2

spike = 2
N are the variances of the observed effect size b 130

conditional on the biomarker being in the slab and the spike mixture components 131

respectively. 132

If the class-conditional distributions of y are approximated by gaussians, the expected 133

log Bayes factor contributed by a single biomarker conditional on the observed effect 134

size b can be evaluated as the squared difference between the class-conditional means 135

divided by the class-conditional variance, by the same argument as that used to derive 136

equation (2). The expectation of this conditional expectation can be evaluated by 137

averaging over the distribution of b under the spike and slab prior on effect sizes. 138

Importance sampling can be used to compute this expectation efficiently. If the 139

distributions of vectors y and b are further approximated by multivariate gaussians with 140

the same correlation matrix, the expected log Bayes factor contributed by P biomarkers 141

can be evaluated by multiplying this average by P . A justification for these gaussian 142

approximations is that only the biomarkers that are in the gaussian mixture component 143

contribute nonzero values to the expected log-likelihood. 144

Figure 1 compares the sample size required to learn a classifier when only 1% of the 145

biomarkers have nonzero effect sizes (φ = 0.01) with that required when the effect sizes 146

have a gaussian distribution (φ = 1), for a given size of biomarker panel (P = 10000) 147

and two illustrative values of Copt: 0.9 and 0.75 as before. This shows that it is far easier 148

to learn the classifier when the effect sizes have a sparse distribution than when they 149

have a gaussian distribution: the required sample size falls from 24400 (2.44 cases per 150

variable) to 980 for Copt = 0.9 and from 87500 to 3400 for Copt = 0.75. It would of 151
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course be easier still if the subset of biomarkers that have nonzero effects could be 152

specified in advance, on the basis of biological plausibility: the required case sample 153

size would then be 250 for Copt = 0.9 and 880 for Copt = 0.75. 154

Discussion 155

A widely quoted rule of thumb for logistic regression modelling and prediction of a 156

binary outcome is that the case sample size should be at least ten times the number of 157

variables (5; 6; 7). For linear discriminant analysis, a less stringent requirement that the 158

number of observations should be about three times the number of variables has been 159

stated (8). The results derived above show that such general rules do not take account of 160

how the required case sample size depends on the performance of the optimal predictor 161

that could be obtained from the panel and on the sparseness of the distribution of 162

biomarker effect sizes. Thus to learn a predictor that extracts 80% of the information in 163

the biomarker panel, the required ratio of cases to variables varies from 0.1 for a 164

platform with optimal C-statistic of 0.9 and a sparse distribution of biomarker effect 165

sizes such that 1% of biomarkers have nonzero effects, to about 9 for a platform with 166

optimal C-statistic of 0.75 in which the biomarker effect sizes have a gaussian 167

distribution. A key conclusion of this paper is that required sample sizes are critically 168

dependent upon assumptions about the sparsity of the biomarker effects. For a 169

researcher planning a new study, published results of previous studies that have used the 170

same biomarker panel to predict other outcomes may help to set a plausible range of 171

values for the number of biomarkers that have nonzero effects. 172

Several authors have examined the problem of how to calculate sample size 173

requirements for learning a classifier based on linear discriminant analysis. Lachenbruch 174

(1968) derived an expression for the misclassification rate, corrected for overfitting (9). 175

As with the approach described here, this expression did not depend upon the covariance 176

structure of the predictor variables. However the correction for overfitting could only be 177

used where the sample size N was large compared with the number of variables P , so 178

this method is not applicable to studies with high-dimensional biomarker panels. 179

Dobbin and Simon (2007) described a method for estimating the sample sizes required 180

to develop classifiers using high-dimensional DNA microarray data (10). Their 181

approach requires either that the biomarkers can be assumed to be independent, or that 182

data are available from which to estimate the covariance structure of the biomarkers (or 183

at least the eigenvalues of the correlation matrix). Dobbin and Song (2013) suggested 184

using an errors-in-variables method to estimate the learning curve of the predictor, 185

based on treating the risk predictor as a noisy “observation” of the true (optimally 186

trained) risk predictor (2). This method however requires a pilot dataset. 187

The approach described here does not require the covariance structure of the biomarkers 188

to be known in advance, but relies instead on the simplifying assumption that the effect 189

sizes have the same correlation structure as the biomarkers. This assumption is plausible 190

if the correlations between biomarkers and the correlations between effect sizes are 191

generated by the same latent variables. In practice, biomarkers that are highly correlated 192

usually have similar associations with clinical outcome. For instance, in a recent study 193
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of whether biomarkers can be used to predict progression of chronic kidney disease, the 194

baseline filtration rate was identified as a variable underlying correlations between many 195

of the biomarkers most predictive of disease progression rate (11). Although this 196

approach depends upon the likelihood being adequately approximated by a gaussian, the 197

accuracy of this approximation should increase with the size of the set of biomarkers 198

that have nonzero effects. 199

The calculations of required sample size given here do not make any specific 200

assumptions about how the effects of the biomarkers will be modelled. For constructing 201

classifiers from gene expression arrays, which typically measure a few tens of thousands 202

of variables, methods based on penalized linear discriminant analysis are widely used 203

(12), corresponding to the statistical model assumed for the sample size calculations in 204

this paper. For more low-dimensional problems, penalized logistic regression is often 205

preferred to linear discriminant analysis as it does not require the assumption of 206

gaussian class-conditional distributions for the predictors, and the predictor has the 207

property of maximum entropy given correct calibration on the training data. 208

For a researcher who is trying to develop a biomarker-based predictor, the initial 209

objective may be to evaluate which of various high-dimensional biomarker platforms 210

contain enough predictive information to be useful, before expending resources on a 211

large case-control study to learn a classifier. For this, it is necessary only to collect 212

enough data from which to estimate the parameters of the spike-and-slab distribution of 213

effect sizes considered in this article. For prediction from genome-wide genotype data, 214

these parameters can be estimated from published summary case-control data (13). 215

Online resources 216

An R script to generate a learning curve for classifier performance as a function of the 217

ratio of cases to biomarkers for specified values ofCopt and φ is available at 218

https://pm2.phs.ed.ac.uk 219

Declaration of conflicting interests 220

The author declared no potential conflicts of interest with respect to this article. 221

Funding 222

The author received financial support from MRC/Arthritis Research UK for the MATURA 223

(MR/K015346/1) during the preparation of this article. 224

References 225

[1] Jaffe S. Planning for US Precision Medicine Initiative underway. Lancet (London, 226

England) 2015; 385: 2448–2449. DOI:10.1016/S0140-6736(15)61124-2. 227

[2] Dobbin KK and Song X. Sample size requirements for training high-dimensional 228

risk predictors. Biostatistics (Oxford, England) 2013; 14: 639–652. 229

DOI:10.1093/biostatistics/kxt022. 230

Prepared using sagej.cls



McKeigue 9

[3] Good IJ. A list of properties of Bayes-Turing Factors. NSA Technical Journal 231

1965; 10: 1–6. URL {https://www.nsa.gov/public{\_}info/{\_ 232

}files/tech{\_}journals/list{\_}of{\_}properties.pdf}. 233

Declassified. 234

[4] Clayton D. On inferring presence of an individual in a mixture: a Bayesian 235

approach. Biostatistics 2010; 11(4): 661–673. DOI:10.1093/biostatistics/kxq035. 236

[5] Peduzzi P, Concato J, Kemper E et al. A simulation study of the number of events 237

per variable in logistic regression analysis. Journal of Clinical Epidemiology 238

1996; 49: 1373–1379. 239

[6] Courvoisier DS, Combescure C, Agoritsas T et al. Performance of logistic 240

regression modeling: beyond the number of events per variable, the role of data 241

structure. Journal of Clinical Epidemiology 2011; 64: 993–1000. 242

DOI:10.1016/j.jclinepi.2010.11.012. 243

[7] Austin PC and Steyerberg EW. Events per variable (EPV) and the relative 244

performance of different strategies for estimating the out-of-sample validity of 245

logistic regression models. Stat Methods Med Res 2017; 26: 796–808. 246

DOI:10.1177/0962280214558972. 247

[8] Lachenbruch PA and Goldstein M. Discriminant analysis. Biometrics 1979; : 248

69–85. 249

[9] Lachenbruch PA. On Expected Probabilities of Misclassification in Discriminant 250

Analysis, Necessary Sample Size, and a Relation with the Multiple Correlation 251

Coefficient. Biometrics 1968; 24(4): 823–834. DOI:10.2307/2528873. URL 252

http://www.jstor.org/stable/2528873. 253

[10] Dobbin KK and Simon RM. Sample size planning for developing classifiers using 254

high-dimensional DNA microarray data. Biostatistics (Oxford, England) 2007; 8: 255

101–117. DOI:10.1093/biostatistics/kxj036. 256

[11] Looker HC, Colombo M, Hess S et al. Biomarkers of rapid chronic kidney disease 257

progression in type 2 diabetes. Kidney International 2015; 258

DOI:10.1038/ki.2015.199. 259

[12] Tibshirani R, Hastie T, Narasimhan B et al. Diagnosis of multiple cancer types by 260

shrunken centroids of gene expression. Proceedings of the National Academy of 261

Sciences of the United States of America 2002; 99: 6567–6572. 262

DOI:10.1073/pnas.082099299. 263
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Figure 1. Learning curves for platform with 10000 biomarkers, comparing a gaussian
distribution of effect sizes (φ = 1) with a sparse spike-and-slab distribution (φ = 0.01)
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