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Abstract. The simple alkali metal Na that crystallizes in a body-centred cubic
structure at ambient pressure exhibits a wealth of complex phases at extreme
conditions as found by experimental studies. The analysis of the mechanism
of stabilization of some of these phases, namely, the low-temperature Sm-type
phase and the high-pressure cI 16 and oP8 phases, shows that they satisfy the
criteria for the Hume-Rothery mechanism. These phases appear to be stabilized
due to a formation of numerous planes in a Brillouin–Jones zone in the vicinity
of the Fermi sphere of Na, which leads to the reduction of the overall electronic
energy. For the oP8 phase, this mechanism seems to work if one assumes that
Na becomes a divalent metal at this density. The oP8 phase of Na is analysed in
comparison with the MnP-type oP8 phases known in binary compounds, as well
as in relation to the NiAs-type hP4 structure.
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1. Introduction

The alkali metals are considered textbook examples of nearly free-electron metals at ambient
conditions. They crystallize in a highly symmetric and closely packed body-centred cubic (bcc)
structure, with the highest Madelung constant of all metallic structures. On pressure increase,
the bcc structure of alkali metals transforms to another close-packed structure, face-centred
cubic (fcc) and then to unexpectedly complex low-symmetry structures (see reviews [1]–[4]).
Lithium and sodium have been recently shown to adopt a complex cubic crystal structure
containing 16 atoms in the unit cell (Pearson symbol cI 16) at around 40 GPa [5] and at
105 GPa [4, 6], respectively. On further compression of sodium, the experimentalists found
that the cI16 phase transforms at 118 GPa to an orthorhombic structure with 8 atoms in
the unit cell (oP8) [7], a novel structure-type for an element. At 125 GPa, the oP8 phase
transforms to an incommensurate host–guest structure [7, 8] with the same 16-atom tetragonal
host structure observed previously in K and Rb [9, 10]. The melting line of Na showed a peculiar
behaviour [11] with a bend-over at 31 GPa and 1000 K that reached its minimum of room
temperature at 118 GPa. Numerous complex phases with large unit cells were discovered in the
vicinity of the melting line minimum [7]. Heavier alkali metals, K, Rb and Cs, have been long
known to assume complex crystal structures under pressure above the stability region of fcc, at
much lower pressures than in Li and Na. These include orthorhombic structures oC52 in Rb and
oC84 in Cs, a host–guest structure in K and Rb, tetragonal t I 4 and orthorhombic oC16
structures in Rb and Cs (see reviews [1]–[4]). These phase transitions from fcc to complex
structures in all alkali metals are accompanied by a decrease in symmetry, coordination number
and packing density.

By computational and theoretical studies, the appearance of some of these complex
structures in the heaviest alkali metals Rb and Cs is suggested to be connected to an electronic
s to d transfer [12] (for a recent review see [13]). On compression, the empty d electron level
broadens and lowers in relation to the valence s-band, which results in a partial s to d electron
transition. Similarly, the transition from fcc to complex phases at high pressures in Li and
Na is explained by computational studies with an s-to-p band overlap [5, 14]. The empty p
electron level lowers in relation to the valence s-band and partial band overlap takes place.
However, the observation of a large number of structural transformations and a variety of
structural types in alkali metals under pressure requires consideration of other factors that might
be responsible for the formation of these phases. The Hume-Rothery effect has been suggested

New Journal of Physics 11 (2009) 063037 (http://www.njp.org/)

http://www.njp.org/


3

as a stabilization mechanism for the cI16 structure in Li and Na, as well as for the oC52 and
oC84 structures of Rb and Cs [3] that are related to cI 16. This model explains the appearance
of the complex structures as a result of lowering the electronic energy and thus the total energy
of the crystal structure due to the formation of additional planes in a Brillouin–Jones zone in
a close contact with the Fermi surface. This explanation had been developed for the so-called
Hume-Rothery phases such as in the Cu–Zn alloy system long before the introduction of the
band structure [15] and was then verified by density-functional theory calculations [16]. The
electronic contribution to total energy becomes more important on compression [17], adding
significantly to the stabilization of the cI16 and related phases.

At higher pressures in the post-cI 16 region, the density of Li and Na is so high (ρ/ρ0 ≈ 4
for Na) that the atomic cores begin to touch [18]–[20] and new physical phenomena come into
play. To avoid core overlap when calculating electronic structure at these densities, the 1s and
2s electrons of Li are treated as valence while in Na, 3s, 2p and 2s electrons are considered
valence and only the tightly bound 1s state is incorporated into an effectively frozen core.
These calculations find for both Na and Li that electrons localize in the interstitial regions
of the structures [14, 18, 19], [21]–[23]. Computational studies have suggested several crystal
structures for the post-cI16 regime in Li and Na [14, 18, 19, 21, 22]. The crystal structures
uncovered by experimental work, however, turned out to be quite different from the prediction,
containing a much larger number of atoms in the unit cell [7, 24].

Thus, the question about the factors governing the formation and stability of the high-
pressure phases in Na still remains open. Here, we analyse some of the factors contributing to
the stability of the cI 16 structure in Na as well as in Li, and the oP8 structure in Na. We consider
the Hume-Rothery mechanism as a driving force for the formation of these structures with the
help of the recently developed computer program BRIZ for the visualization of the interaction
of the Brillouin zones and Fermi sphere (FS) [25]. We compare the oP8 structure of Na to the
MnP structure type known for many binary compounds and describe its relation to the NiAs-
type hP4 structure. We also consider the martensitic transformation from bcc to a close-packed
Sm-type structure (also known as 9R or hR3 in Pearson notation) that takes place at ambient
pressure in both Li and Na by lowering the temperature to 77 and 35 K, respectively [26, 27].
Here, we further explore the approach taken by Ashcroft [28] to describe the bcc to Sm-type
transition within the Hume-Rothery mechanism.

2. Method of analysis

The energy of the crystal structure is known to consist of two main contributions: electrostatic
energy and the band structure term. The latter usually favours the formation of superlattices
and distorted structures. The energy of valence electrons is decreased due to a formation of
Brillouin planes with a wave vector q near the Fermi level kF and an opening of the energy
pseudogap on these planes if qhkl ≈ 2kF. Within a nearly free-electron model the FS radius is
defined as kF = (3π 2z/V )1/3, where z is the number of valence electrons per atom and V is the
atomic volume. This effect, known as the Hume-Rothery mechanism (or electron concentration
rule), was initially described to account for intermetallic phases [15], and then extended and
widely used to explain the stability of complex phases in various systems, from elemental
metals [3], [28]–[31] to quasi-crystals [32, 33] and amorphous materials [34].

We analyse the mechanism of stabilization of some phases in Na using a computer
program BRIZ [25] that has been recently developed to construct Brillouin zones or extended
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Brillouin–Jones zones (BZ) and to inscribe a FS with the free-electron radius kF. The resulting
BZ polyhedron consists of numerous planes with relatively strong diffraction factor and
accommodates well the FS. The volume of BZs and FS can be calculated within this program.
The BZ filling by the electron states (VFS/VBZ) is estimated by the program, which is important
for the understanding of electronic properties and stability of the given phase. For a classical
Hume-Rothery phase Cu5Zn8, the BZ filling by electron states is equal to 93%, and is around
this number for many other phases stabilized by the Hume-Rothery mechanism [25]. Diffraction
patterns of these phases have a group of strong reflections with their qhkl lying near 2kF and the
BZ planes corresponding to these qhkl form a polyhedron that is very close to the FS. The FS
would intersect the BZ planes if its radius, kF, is slightly larger than qhkl/2, and the program
BRIZ can visualize this intersection. One should keep in mind that in reality the FS would
usually be deformed due to the BZ–FS interaction and partially involved inside the BZ. The ratio
2kF/qhkl , called a ‘truncation’ factor or a closeness factor [35, 36], is an important characteristic
for a phase stabilized due to the Hume-Rothery mechanism. For Hume-Rothery phases such as
Cu5Zn8, this closeness factor is equal to 1.015, and it can reach up to 1.05 in some other phases.
This means that the FS radius can be up to approximately 5% larger than the BZ vector qhkl/2
for a phase stabilized due to the Hume-Rothery mechanism. Thus, with the BRIZ program one
can obtain a qualitative picture and some quantitative characteristics on how a structure matches
the criteria of the Hume-Rothery mechanism.

The stability of the high-pressure structures of Na is analysed here within the nearly free
electron model. This model is particularly valid in the case of Na, as its Fermi surface is
nearly spherical and remains spherical on compression in its bcc phase as well as in the fcc
phase [19, 20, 37]. For the complex phases of Na, i.e. Sm-type, cI 16 and oP8, an extended
BZ is constructed with planes that have a large structure factor, as seen in their diffraction
patterns, and lie close to the 2kF. The matching criteria for the Hume-Rothery mechanism of the
stabilization of these structures (i.e. the number of planes forming the BZ, the closeness factor
and the BZ filling by electron states) are then analysed.

3. Results

3.1. Compact structures (bcc, fcc, Sm-type)

First, we consider the compact structures experimentally observed in sodium (as well as in
lithium) that are closely packed, have high coordination number and high Madelung constant,
i.e. bcc, fcc and Sm-type (9R). Bcc has the highest Madelung constant α = 1.791 858, followed
by fcc with α = 1.791 747 and hcp with α = 1.791 676 [38]. Thus, the stabilization of the
bcc in alkali metals at ambient conditions can be understood as defined by the dominant
electrostatic (or Madelung) contribution to the total energy of the crystal structure. First-
principle calculations show that all these close-packed structures have very similar energies
with the difference less than 1–5 meV ion−1, which is about equal to the accuracy of the
calculations [14, 19, 20]. This makes it impossible to say why one of these structures should
be more favourable than the other. Thus, it seems worthwhile to look for some other factors that
might contribute to the phase stabilization.

Let us consider the phase transition from bcc to Sm-type structure, experimentally
found in both Li and Na at ambient pressure by lowering the temperature to 77 and 35 K,
respectively [26, 27]. Stabilization of the Sm-type phase at low-temperature in Li has been
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Figure 1. Calculated diffraction patterns of Na for (a) the ambient pressure bcc
phase and (c) the Sm-type phase with structural parameters given in table 1.
(b, d) Corresponding Brillouin zones with the inscribed FS. In (d), the large BZ
is shown in two different views, perpendicular and along the hexagonal c-axis.
The position of 2kF and the hkl indices of the planes used for the BZ construction
are indicated on the spectra (for the rhombohedral Sm-type structure, the indices
are given in hexagonal setting).

previously attributed to the Hume-Rothery mechanism [28]. Because of a quite ‘spheroidal’
shape of the BZ formed by numerous planes, ‘more of the lower energy electrons are in states
of higher density and the overall electronic energy is expected to be reduced’ as Ashcroft puts
it [28].

Here, we extend this analysis further and construct a BZ for the Sm-type structure of Na.
Its diffraction pattern contains a group of strong reflections close to 2kF, while bcc has only one
110 reflection in this q range (figures 1(a) and (c)). The BZ for the Sm-type phase is formed
by 26 planes, an increased number in comparison with 12 planes in bcc (figures 1(b) and (d)).
The BZ for the Sm-type phase is formed by five types of planes, three of which are closer to
2kF than the 110 planes of bcc, as can be seen from table 1 by comparing the 2kF/qhkl ratios
for Sm-type and bcc. The BZ for the Sm-type phase is also slightly more filled with electronic
states (59%) than that for bcc (50%). Thus, as suggested for Li Sm-type in [28], in Na Sm-type,
the overall electronic energy is expected to be reduced due to the Hume-Rothery mechanism,
i.e. the formation of a BZ with numerous new planes with their vectors qhkl lying close to
2kF. We should note that at these conditions the electrostatic factor is very important for the

New Journal of Physics 11 (2009) 063037 (http://www.njp.org/)

http://www.njp.org/


6

Table 1. Structure parameters of Na phases as given in the literature. The FS
radius kF, the total number of Brillouin zone planes, the ratio of 2kF to BZ vectors
(2kF/qhkl) and the degree of filling of Brillouin zones by electron states VFS/VBZ

are calculated by the program BRIZ [25].

Phase Na-bcc Na Sm-type Na-fcc Na-cI 16 Na-oP8

Structural data
Pearson symbol cI 2 h R3 cF4 cI 16 oP8
Space group I m3̄m R3̄m Fm3̄m I 4̄3d Pnma

P ,T conditions Ambient Ambient
conditions pressure, P = 65.1 GPa P = 108 GPa P = 119 GPa

T = 20 K T = 300 K T = 300 K T = 300 K

Lattice parameters (Å) a = 4.2908 Hex. axes a = 3.6627 a = 5.461 a = 4.765
a = 3.766 b = 3.020
c = 27.653 c = 5.251
Rhomb. axes
a = 7.807
a = 22.93◦

Atomic volume (Å3) 39.50 37.74 12.28 10.18 9.45
V/V0 1 0.955 0.311 0.258 0.239

Atomic positions 2a(0 0 0) Hex. axes 4a(0 0 0) 16c(x x x) 4c(x1
1
4 z1)

3a(0 0 0) x = 0.044(1) 4c(x2
1
4 z2)

6c(0 0 2
9 ) x1 = 0.015

Rhomb. axes z1 = 0.180
1a(0 0 0) x2 = 0.164
2c( 2

9
2
9

2
9 ) z2 = 0.586

Reference [66] [27] [42] [6] [7]

FS–BZ data from the BRIZ program
z (number of valence 1 1 1 1 2
electrons per atom)

kF (Å−1) 0.908 0.922 1.341 1.427 1.844

Total number of BZ 12 26 14 24 30
planes

hkl and 2kF/qhkl 110: 0.877 Hex. axes: 111: 0.903 211: 1.013 112: 1.074
101: 0.951 200: 0.782 202: 1.035
012: 0.932 211: 1.034
009: 0.902 103: 0.964
104: 0.866 301: 0.892
015: 0.825 020: 0.887

Filling of BZ with 50% 59% 50% 89% 93%
electron states
VFS/VBZ(%)
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structure stabilization in Na, and the possible choice of structures is among those close-packed,
such as bcc, hcp, fcc and Sm-type. The latter is more favourable than bcc in terms of electronic
energy due to the Hume-Rothery mechanism and is stabilized at low-temperatures.

It is interesting to note that although the Fermi surface of Li is nearly spherical at ambient
pressure, first-principle calculations report its significant distortion in bcc Li already at 8 GPa,
just before the transition to fcc [39]. Copper-like necks are developed in fcc Li at about
30 GPa [39]–[41], so that the same Hume-Rothery mechanism is suggested for the stabilization
of fcc over bcc in Li [39]. Indeed, the planes (111) of the fcc BZ (eight planes in total) are
closer to 2kF than (101) planes of bcc (12 planes in total). The corresponding 2kF/qhkl ratio
is slightly closer to 1 in fcc compared with bcc (table 1), which could lead to an increased
interaction between the FS and the BZ planes making fcc a more favourable structure. Na,
however, is calculated to have an approximately spherical Fermi surface in the bcc phase [20],
as well as in the fcc phase [37], stable above 65 GPa [42], which does not speak in favour
of the Hume-Rothery mechanism [43]. The bcc to fcc transition in Na has been characterized
as a tetragonal Bain path with the driving force attributed to the changes in lattice dynamics
and elastic constants [43]. The electronic properties, however, can be significant in driving the
tetragonal Bain path as was demonstrated in [44].

3.2. Na-cI16, distortion of bcc

Next, we analyse the stability of the complex low-symmetry low-coordination structures, found
in Na above 104 GPa. In this work, we particularly focus on the cI 16 and the oP8 structures.
The cI 16 structure has been discovered experimentally in Li at around 40 GPa [5] and then
subsequently in sodium, stable in the pressure range from 105 to 117 GPa [4, 6, 7]. The transition
from fcc to the cI16 structure is accompanied by the lowering of the coordination number from
12 to 11 and by the reduction of the nearest neighbour distance and packing density (figure 2).
This structure is stabilized by factors other than the minimization of electrostatic energy which
favours symmetric and close-packed arrangement of ions. We are going to look at the reduction
of the electronic energy as a stabilization factor for the cI 16 phase.

This structure can be considered as a 2 × 2 × 2 supercell of bcc with a small displacement
of the positions of the atoms along the space diagonal. As discussed earlier in [3, 29, 30], it is
this displacement that leads to the formation of new diffraction reflections observed in the x-ray
diffraction pattern compared with bcc, and importantly, the reciprocal lattice vector for the first
diffraction reflection (211) lies in the vicinity of 2kF (figure 3(a)). This means that the planes
(211) of the BZ lie almost on the FS (2kF/q211 is very close to 1 as can be seen in table 1). Here,
we construct the BZ for the cI16 structure of Na. It is built from the (211) planes and its general
view is shown in figure 3(b). This high-symmetry polyhedron with 24 planes accommodates
the FS very well with an electron state filling (in the free electron model) of roughly 90%. The
criteria of the Hume-Rothery stabilization mechanism are satisfied.

The analysis of the BZ and FS configuration of the cI 16 structure suggests that the reason
for the stabilization of this low-symmetry structure is the Hume-Rothery mechanism. The
energy of this phase lowers when the new planes of the Brillouin zone form near the Fermi
level and an energy gap opens on these planes. The FS–Brillouin zone interaction modifies the
electron density of states with a substantial rise near (below) kF and reduction directly at kF. This
qualitative picture is in tune with the first-principle calculation of electronic density of states for
Li-cI16 [5]. Calculations of the Fermi surface of bcc Li in the cI16 stability field show that it
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Figure 2. Pressure dependence of interatomic distances of Na for the fcc,
cI16 and oP8 phases. ‘CN’ stands for coordination number. The 1st and 2nd
coordination shells (CS) are outlined. Data points for fcc are calculated using
the equation of state reported in [42], values for the cI 16 and oP8 phases are
calculated using the parameters listed in table 1. The value of the Pauling ionic
radius is shown, known for Na at ambient pressure.

Figure 3. (a) Calculated diffraction pattern for the high-pressure phase of Na,
cI 16 and (b) corresponding Brillouin zone with the inscribed FS. The position
of 2kF and the hkl indices of the plane used for the BZ construction are indicated
in (a).

becomes increasingly anisotropic with pressure and develops an extended nesting along the bcc
[211] direction [45], which goes along with our model shown in figure 3(b). In our analysis we
went one step further to actually draw the new BZ planes that appear in the cI 16 structure in
comparison with bcc, to show that they lie near the Fermi surface causing its deformation and
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Figure 4. Calculated diffraction patterns for (a) the high-pressure phase of Na,
oP8 and (c) the ambient pressure oP8 phase of AuGa. (b, d) Corresponding
Brillouin zone with the inscribed FS in projections close to [010] (left) and [100]
(right). The position of 2kF for z = 1 and 2 for Na and z = 2 for AuGa, calculated
from the free-electron model, is shown in (a) and (c), respectively. The non-italic
hkl indices indicated in (a) and (c) correspond to the planes used for the BZ
construction.

reduction of electronic energy. Thus, the special stability of the cI 16 structure in Li as well as in
Na is due to the Fermi surface contacting all faces of the BZ with electronic energy significantly
lowered due to the gap across the zone faces.

3.3. Na-oP8, distortion of NiAs-hP4

3.3.1. oP8—a Hume-Rothery phase. Now using the same concept, we analyse the stability of
the next high-pressure phase of sodium with the orthorhombic oP8 structure, stable between
117 and 125 GPa [7]. We use the first group of strong diffraction reflections observed in the
x-ray diffraction pattern of Na-oP8, (200), (102) and (111) (italic hkl indices in figure 4(a)),
lying close to 2kF (z = 1), to construct the first BZ (not shown). Estimation of the filling of this
zone with the electronic states per atom gives a value of 97% which is too high in comparison
with 89–93% zone filling typical for the Hume-Rothery phases. Also the ratio of 2kF/qhkl (the
closeness factor) is too high (1.07–1.10) in comparison with the value of 1.015 obtained for the
Hume-Rothery phase Cu5Zn8 [25]. These conditions do not satisfy the criteria for the Hume-
Rothery mechanism. This analysis is done assuming the number of valence electrons per atom
is equal to 1. In what follows we show that Na needs to be assumed to be a divalent metal
(kF is calculated assuming z = 2), in which case the Na oP8 phase satisfies the criteria of the
Hume-Rothery mechanism.
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Table 2. Structural parameters of the oP8 phase of Na [7] in comparison with
the oP8 phase of AuGa and the m P8 phase of AuAl.

Phase Na-oP8 AuGa AuA1

Pearson symbol oP8 oP8 mP8

Space group Pnma Pnma P21/m

P ,T conditions P = 119 GPa Ambient conditions Ambient conditions
T = 300 K

Lattice parameters (Å) a = 4.765 a = 6.267 a = 6.339
b = 3.020 b = 3.461 b = 3.331
c = 5.251 c = 6.397 c = 6.415

β = 93.04◦

Axial ratios a/b = 1.578 a/b = 1.811 a/b = 1.903
c/a = 1.102 c/a = 1.021 c/a = 1.012
c/b = 1.739 c/b = 1.848 c/b = 1.845

Atomic positions 4c (0.015 1
4 0.180) Au 4c (0.010 1

4 0.184) Au1 2e (0.189 1
4 0.026)

4c (0.164 1
4 0.586) Ga 4c (0.195 1

4 0.590) Au2 2e (0.313 1
4 0.500)

A12 2e (0.576 1
4 0.195)

A11 2e (0.964 1
4 0.695)

Reference [7] [67] [68]

The oP8 structure found in Na is unique among the elements. This structure belongs to the
MnP structure type (the Stukturbericht symbol is B31) and is known for as many as 30 binary
phases [46]. There is a close similarity in atomic positions of the space group Pnma and in the
axial ratio between those phases and Na-oP8 (see below). Thus, Na-oP8 is isostructural with
the MnP structure type. The binary phases of MnP-type consist of one transition metal and one
sp element from groups III to VI. There is however one example of the oP8 phase which consists
of two simple metals, i.e. AuGa. There is also another example of a simple metal binary phase—
AuAl—which is only a small monoclinic distortion of the oP8 structure (an m P8 structure with
a monoclinic angle of 93◦) (table 2). The oP8 structures of Na and AuGa and the m P8 structure
of AuAl have remarkably close axial ratios and atomic positions (table 2).

The sp metal phases, AuGa and AuAl, have an average number of valence electrons per
atom equal to 2 and give us an opportunity to apply the nearly free-electron model to the analysis
of their structural stability within the Hume-Rothery mechanism. Following the analysis of the
complex binary phases presented in [25, 36], one can show that the oP8 phase in AuGa and
the m P8 phase in AuAl satisfy the Hume-Rothery stabilization criteria. Indeed, the strongest
group of reflections in the diffraction pattern (figure 4(c)) lies close to 2kF, which is calculated
assuming z = 2 (one valence electron from Au and three valence electrons from Ga give an
average number of valence electrons per atom equal to 2). The corresponding BZ contains
numerous planes (figure 4(d)), lies close to the FS, and is 94% filled with electronic states. Thus,
we have shown that the oP8 phase in AuGa is stabilized due to the Hume-Rothery mechanism.
The electronic factor of stabilization is not so evident when a transition metal participates in this
phase, nevertheless one can infer that 2 electrons per atom is a necessary condition of stability
for this complex phase and this condition can be extended to Na-oP8.
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Now for Na-oP8, we select the next group of strong reflections on the diffraction pattern
(figure 4(a)) that lies close to 2kF calculated from the free-electron model assuming the number
of valence electrons per atom z = 2. The constructed BZ (figure 4(b)) consists of 20 planes
(112), (202) and (211) that are in contact with the FS. These planes together with (103), (301)
and (020) form a polyhedron that accommodates very well the free-electron FS with some
intersections. Zone filling by electron states is ∼93%—the same value as in the case of the
Hume-Rothery phase Cu5Zn8 [25]. This and the closeness factor (table 1) satisfy very well the
criteria for the Hume-Rothery mechanism.

The assumption of z = 2, i.e. Na becoming a divalent metal in the oP8 phase, means that
some of the core electronic bands (partially) move close to kF. From the electronic band structure
calculations, the participation of core electrons in the valence band has been suggested for Na at
a pressure of 130 GPa close to the stability region of oP8 [19]. Also, at the densities of Na-oP8
(approximately fourfold compression), the ion cores begin to overlap. ‘Hence, the concept of
well determined ion cores, which is the basis of standard metallic bond descriptions, becomes
inapplicable at ultrahigh pressures’ [20].

At the transition from cI16 to oP8 structure in Na, the coordination number further
decreases from 11 to 8 and 10 for two different atomic sites (figure 2). At 119 GPa, the
interatomic distances lie in the ranges 2.125–2.493 Å (for one atomic site) and 2.125–2.253 Å
(for the other atomic site). The shortest distance corresponds to the atomic radius of 1.062 Å
that is very close to the Pauling ionic radius of Na+ equal to 0.95 (0.97) Å [46] (figure 2). To
attain this atomic arrangement, the Na electronic structure would need to change drastically
in comparison with the lower pressure fcc and cI16 phases, considerably reducing the atomic
radius (our estimation gives approximately 4%). As proposed in the present work, this can be
achieved by the partial ‘ionization’ of the Na core when one electron is moved from the core
into the valence band, thus by Na becoming a divalent metal.

In this respect, it is interesting to look at the alkali metals being involved in the formation
of compounds with transition metals. In such compounds, the alkali metals are subjected to
‘chemical pressure’, as the ambient pressure atomic volume of alkali metals is much larger than
that of transition metals. Such ‘chemical pressure’ can be rather significant and comparable
to the external pressure and produces changes in the valence electron configuration, such
as participation of core electrons in the valence band. This assumption is supported by the
formation of compounds that are defined by a particular electron concentration due to the Hume-
Rothery mechanism. Hume-Rothery, considering the Ag5Li8 γ -brass phase in his textbook [47],
suggested that its stability could be also connected to the electron concentration 21/13 as for
other γ -brass phases, if lithium were divalent. Other examples include the ambient pressure
compounds Li2Pd and Li2Pt [48] and a high pressure phase K2Ag [49] that have a hexagonal
structure hP3 similar to the so-called δ-phase formed in the Cu–Zn alloy system [48] that
belongs to the family of Hume-Rothery phases. The stabilization of these phases due to the
Hume-Rothery mechanism would require the alkali metals in these phases to be in the divalent
state. This effect occurs in some other alkali–transition metal compounds where the electron
concentration factor is not so evident competing with other factors that control structure stability.

3.3.2. Relation to NiAs-hP4. The oP8 MnP-type structure is a distortion of the hP4 NiAs-type
as can be seen from figure 5(a) showing an atomic network in projection along the [010] direc-
tion of the oP8 which corresponds to the [100] direction of the hP4 structure. The relationship of
the orthorhombic (o) and hexagonal (h) lattices is as follows: ao ≈ ch, bo ≈ ah, and co ≈ ah

√
3.
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Figure 5. (a) Structural deformation of the hP4 structure (dark blue atoms) into
oP8 structure (light blue atoms). For the oP8 structure, the lattice parameters
and atomic positions of Na measured at 119 GPa [7] are used (see table 1). For
the hP4, the following atomic positions were taken (in orthorhombic setting):
4c (1

4
1
4 0.583) and 4c (0 1

4
1
4 ), with the same lattice parameters as in Na-oP8.

The atomic bonds up to 3.67 Å are shown. All atomic displacements are in the
plane of drawing. The layer at y =

1
4 is shown, the other layer at y =

3
4 can be

obtained by rotating this layer by 180◦ around the a-axis and 180◦ around the
c-axis. (b) Calculated diffraction patterns for a hypothetical hP4 structure of
Na with the structural parameters as in (a) (in hexagonal setting: space group
P63/mmc, a = 3.020 Å, c = 4.765 Å, Na is in the 2a position (0 0 0) and 2c
position (1

3
2
3

1
4 )). The hkl indices are given in hexagonal setting. The position of

2kF for z = 1 and 2 for Na is shown.

In the oP8 structure, atoms are slightly displaced from the ideal positions of the hP4 struc-
ture. For 20 binary phases with oP8 MnP-type structure, the atomic positions lie within the
narrow ranges: for two atomic positions (4c) of the Pnma space group x1 = 0.005–0.010,
z1 = 0.182–0.202 and x2 = 0.182–0.190, z2 = 0.564–0.590, as summarized in [50]. The atomic
positions of Na-oP8 lie close to these values. The structural transformation from hP4 NiAs-type
to oP8 MnP-type is accompanied by an increase in coordination number from 6 in hP4 to 10
and 8 for two different sites of oP8.

The formation of the distortive oP8 structure with certain atomic displacements from hP4
leads to the appearance of numerous additional diffraction peaks (figure 4(a)) compared with
the simple diffraction pattern of the hP4 phase (figure 5(b)). The (102) reflection of the hP4
structure that lies close to 2kF (calculated assuming z = 2) (figure 5(b)) splits into (202) and
(211) in the oP8 structure and close to them an additional strong reflection (112) appears due to
the structural distortion. From the point of view of the BZ, in oP8 a new additional plane (112)
is added to the BZ (figure 4(b)) compared with hP4 reducing the volume of the BZ, which leads
to an increase in the BZ–FS interaction and reduction of the electronic energy.
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Phase transitions between hP4 and oP8 phases are known as a function of temperature and
composition, as considered in [51]. The studies involving phases with the NiAs structure (hP4)
indicate that ‘it tends to be stable at high temperature and transform to other structures at lower
temperature’ [46, pp 454–6], as for example in the CoAs alloy [48]. Another example of the
transformation NiAs-type (hP4) to MnP-type (oP8) is the FeS alloy. The case of this alloy is
especially interesting because the MnP-oP8 phase is stabilized at high pressure [52]–[54]. There
are more examples demonstrating the phase transformation under pressure from NiAs-hP4 to
MnP-oP8: MnAs [55, 56], MnTe [57], CrSb [58], CrTe [59]. This transition is accompanied
by a change in magnetic properties associated with the change in the electronic structure and
atomic rearrangement. In the case of non-magnetic elements, the hP4 to oP8 transition is driven
by the reduction of valence electron energy. This is especially evident in the case of an alloy
with simple metals as constituent elements, i.e. AuGa-oP8. AuSn is an example of hP4 structure
in a simple metal alloy.

The relation of the oP8 structure to the hP4 NiAs type can be extended to a wider structural
group of hexagonal phases with the common Structurbericht type B8 that combines Ni2In and
NiAs structure types: the former is a filled up type of the latter. The number of the known
B8-type phases has been growing steadily to a total today of more than 400 compounds. ‘The
B8 structure type is unique in that it offers such a rich flora of examples of diverse structural
behaviour’ (superstructures, ordering of vacancies, etc) [60]. Lower symmetry variants, such as
orthorhombically distorted MnP (oP8) as well as Co2Si (oP12) structures, are the distortions
of the hexagonal structures of NiAs-type (hP4) and Ni2In-type (hP6), respectively, and are of
special interest in relation to Na-oP8.

3.3.3. Electron configuration in Na-oP8. The oP8 structure found in Na has no structural
analogues among elements. A search for some binary analogues yielded a comparison of
this structure to an anti-cotunnite structure [61] (PbCl2 is a prototype of cotunnite and a
representative example of anti-cotunnite is Co2Si). Na would occupy the cation atomic positions
omitting the anion positions, where a localization of the electron charge is suggested. This
structure was found, for example, in a high-pressure form of Li2O [62] that has the same space
group Pnma and axial ratios similar to Na-oP8. This interpretation of the Na-oP8 structure is
within the concept of relating high-pressure forms of alkali metals to certain compounds, so-
called electride structures, with alkali metal atoms occupying the cation positions and electron
density maxima located in the empty anion positions [2, 63, 64]. For example, in the Cs-IV
(t I 4) structure, caesium atoms are suggested to occupy thorium positions in the structure of the
binary ThSi2 phase, viewing this high-pressure modification of Cs as caesium electride [63].
Similarly, the host–guest structure of Rb-IV is compared with an intermetallic phase W5Si3 and
orthorhombic Cmca structure of Cs-V with a ternary compound KLiO, again suggesting that the
alkali metal atoms occupy the atomic positions of cation atoms and proposing electron charge
maxima in the anion positions [2]. In tune with this approach, the theoretical calculations for
light alkali elements Li and Na have suggested that at strong compression electrons are forced
away from the near core regions resulting in an increased electron density in the interstitial
regions [19, 65].

As shown above, the Na-oP8 structure is crystallographically related to the family of
the Structurbericht B8 type containing the Ni2In-type (hP6) and NiAs-type (hP4) structures
through an orthorhombic distortion to the Co2Si-type (oP12) and MnP-type (oP8) structures.
The interpretation of the Na-oP8 phase as an ‘electride’ relates it to the Co2Si (oP12)
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structure with Na occupying the cation atomic positions with the interstitially localized electrons
occupying empty anion positions. In present work, an alternative approach is suggested for the
interpretation of Na-oP8, in which Na atoms occupy the positions of the AuGa structure of
the MnP-type (oP8) that is considered as a Hume-Rothery phase stabilized with two valence
electrons per atoms. This interpretation has led us to the assumption of Na-oP8 becoming a
divalent metal.

4. Summary and conclusions

The compressed alkali metals assume complex low-symmetry structures that are quite unusual
among elements. The question arises as to what extent these structures are idiosyncratic, how do
they relate to the known structural types and whether they follow any known classification (see,
for example, [46]). It is useful to look for relations between the structures of compressed alkali
metals and some binary phases and to consider the main factors responsible for the formation
of complex phases in simple metals and alloys. Here we have shown that the oP8 structure of
Na is isostructural with the MnP-type structure and has a close similarity with the binary AuGa
oP8 phase. Assuming the Hume-Rothery mechanism to be the main factor for the stabilization
of oP8 in AuGa and Na, we suggest that at the densities of the oP8 phase of Na core electrons
start to participate in the valence band and Na becomes a divalent metal.

The oP8 structure of Na is analysed here as a distortion of an hP4 structure of NiAs-type.
We have shown that for a simple metal, the oP8 structure would have a reduced electronic
energy in comparison with the hP4 structure. For the alkali metals Li, Na and K, one could
expect to find a possible phase transition between the hP4 and oP8 structures, as is known to
occur in many binary compounds with changes in pressure, temperature or composition.

The high-pressure cI 16 phase of Na is shown to be stabilized due to the Hume-Rothery
mechanism, similar to the cI 16 structure of Li. Entirely new planes are formed in the Brillouin
zone in the vicinity of the one-electron Fermi surface, providing a reduction of the electronic
energy. For the low-temperature close-packed Sm-type structure of Na, a reduction of the
electronic energy in comparison with bcc is proposed due to the formation of an almost spheroid
Brillouin zone.

Note added in proof. Recent combined experimental and theoretical study of sodium revealed a
transformation above 200 GPa from the host–guest phase into a new transparent and insulating
phase with a proposed hP4 structure [69]. This structure is considered to be analogous to the
Ni2In structure type with the ionic cores forming the Ni sublattice and the interstitial electron
density maxima forming the In sublattice.

Acknowledgments

Financial support by the Russian Foundation for Basic Research through grant 02-07-00901 is
gratefully acknowledged. OD acknowledges support from the Royal Society.

References

[1] McMahon M I and Nelmes R J 2006 Chem. Soc. Rev. 35 943–63
[2] Schwarz U 2004 Z. Kristallogr. 219 376–90
[3] Degtyareva V F 2006 Phys.—Usp. 49 369–88

New Journal of Physics 11 (2009) 063037 (http://www.njp.org/)

http://dx.doi.org/10.1039/b517777b
http://dx.doi.org/10.1524/zkri.219.6.376.34637
http://dx.doi.org/10.1070/PU2006v049n04ABEH005948
http://www.njp.org/


15

[4] Syassen K 2002 Simple metals at high pressures Proc. Int. School of Physics ‘High Pressure Phenomena’
(Amsterdam: IOS Press)

[5] Hanfland M, Syassen K, Christensen N E and Novikov D L 2000 Nature 408 174
[6] McMahon M I, Gregoryanz E, Lundegaard L F, Loa I, Guillaume C, Nelmes R J, Kleppe A K, Amboage M,

Wilhelm H and Jephcoat A P 2007 Proc. Natl Acad. Sci. USA 104 17297
[7] Gregoryanz E, Lundegaard L F, McMahon M I, Guillaume C, Nelmes R J and Mezouar M 2008 Science 320

1054
[8] Lundegaard L F, Gregoryanz E, McMahon M I, Guillaume C, Loa I and Nelmes R J 2009 Phys. Rev. B 79

064105
[9] McMahon M I, Nelmes R J, Schwarz U and Syassen K 2006 Phys. Rev. B 74 140102

[10] McMahon M I, Rekhi S and Nelmes R J 2001 Phys. Rev. Lett. 87 055501
[11] Gregoryanz E, Degtyareva O, Somayazulu M, Mao H-K and Hemley R J 2005 Phys. Rev. Lett. 94 185502
[12] Ross M and McMahan A K 1982 Phys. Rev. B 26 4088
[13] Maksimov E G, Magnitskaya M V and Fortov V E 2005 Phys.—Usp. 48 761
[14] Christensen N E and Novikov D L 2001 Solid State Commun. 119 477
[15] Mott N F and Jones H 1936 The Theory of the Properties of Metals and Alloys (London: Oxford University

Press)
Jones H 1962 The Theory of Brillouin Zones and Electron States in Crystals (Amsterdam: North-Holland)

[16] Paxton A T, Methfessel M and Pettifor D G 1997 Proc. R. Soc. A 453 1493
[17] Ashcroft N W 1999 private communication
[18] Neaton J B and Ashcroft N W 1999 Nature 400 141
[19] Neaton J B and Ashcroft N W 2001 Phys. Rev. Lett. 86 2830
[20] Katsnelson M I, Sinko G V, Smirnov N A, Trefilov A V and Khromov K Y 2000 Phys. Rev. B 61 14420
[21] Rousseau R, Uehara K, Klug D D and Tse J S 2005 ChemPhysChem 6 1703
[22] Ma Y, Oganov A R and Xie Y 2008 Phys. Rev. B 78 014102
[23] Zhou D W, Bao G, Ma Y M, Cui T, Liu B B and Zou G T 2009 J. Phys.: Condens. Matter 21 025508
[24] Hanfland M 2001 ESRF Report HS-1260
[25] Degtyareva V F and Smirnova I S 2007 Z. Kristallogr. 222 718
[26] Overhauser A W 1984 Phys. Rev. Lett. 53 64
[27] Berliner R, Fajen O, Smith H G and Hitterman R L 1989 Phys. Rev. B 40 12086
[28] Ashcroft N W 1989 Phys. Rev. B 39 10552
[29] Degtyareva V F 2003 High Press. Res. 23 253
[30] Degtyareva V F 2004 High Pressure Crystallography (NATO Sci. vol 140) ed A Katrusiak and P McMillan

(Dordrecht: Kluwer) pp 447–56
[31] Degtyareva O, McMahon M I, Allan D R and Nelmes R J 2004 Phys. Rev. Lett. 93 205502
[32] Smith A P and Ashcroft N W 1987 Phys. Rev. Lett. 59 1365
[33] Tsai A-P 2004 J. Non-Cryst. Solids 334–335 317
[34] Stiehler M, Rauchhaupt J, Giegengack U and Haeussler P 2007 J. Non-Cryst. Solids 353 1886
[35] Sato H and Toth R S 1962 Phys. Rev. Lett. 8 239
[36] Fournee V, Belin-Ferre E and Dubois J M 1998 J. Phys.: Condens. Matter 10 4231
[37] Xie Y, Tse J S, Cui T, Oganov A R, He Z, Ma Y and Zou G 2007 Phys. Rev. B 75 064102
[38] Harrison W A 1966 Pseudopotentials in the Theory of Metals (New York: W A Benjamin)
[39] Rodriguez-Prieto A, Bergara A, Silkin V M and Echenique P M 2006 Phys. Rev. B 74 172104
[40] Kasinathan D et al 2006 Phys. Rev. Lett. 96 047004
[41] Profeta G et al 2006 Phys. Rev. Lett. 96 047003
[42] Hanfland M, Loa I and Syassen K 2002 Phys. Rev. B 65 184109
[43] Xie Y, Ma Y M, Cui T, Li Y, Qiu J and Zou G T 2008 New J. Phys. 10 063022
[44] Degtyareva V F 2009 J. Phys.: Condens. Matter 21 095702
[45] Rodriguez-Prieto A, Silkin V M and Bergara A 2007 J. Phys. Soc. Japan 76 (Suppl. A) 21

New Journal of Physics 11 (2009) 063037 (http://www.njp.org/)

http://dx.doi.org/10.1038/35041515
http://dx.doi.org/10.1073/pnas.0709309104
http://dx.doi.org/10.1126/science.1155715
http://dx.doi.org/10.1126/science.1155715
http://dx.doi.org/10.1103/PhysRevB.79.064105
http://dx.doi.org/10.1103/PhysRevB.79.064105
http://dx.doi.org/10.1103/PhysRevB.74.140102
http://dx.doi.org/10.1103/PhysRevLett.87.055501
http://dx.doi.org/10.1103/PhysRevLett.94.185502
http://dx.doi.org/10.1103/PhysRevB.26.4088
http://dx.doi.org/10.1070/PU2005v048n08ABEH002315
http://dx.doi.org/10.1016/S0038-1098(01)00277-0
http://dx.doi.org/10.1098/rspa.1997.0080
http://dx.doi.org/10.1038/22067
http://dx.doi.org/10.1103/PhysRevLett.86.2830
http://dx.doi.org/10.1103/PhysRevB.61.14420
http://dx.doi.org/10.1002/cphc.200500117
http://dx.doi.org/10.1103/PhysRevB.78.014102
http://dx.doi.org/10.1088/0953-8984/21/2/025508
http://dx.doi.org/10.1524/zkri.2007.222.12.718
http://dx.doi.org/10.1103/PhysRevLett.53.64
http://dx.doi.org/10.1103/PhysRevB.40.12086
http://dx.doi.org/10.1103/PhysRevB.39.10552
http://dx.doi.org/10.1080/0895795032000102441
http://dx.doi.org/10.1103/PhysRevLett.93.205502
http://dx.doi.org/10.1103/PhysRevLett.59.1365
http://dx.doi.org/10.1016/j.jnoncrysol.2003.11.065
http://dx.doi.org/10.1016/j.jnoncrysol.2007.01.052
http://dx.doi.org/10.1103/PhysRevLett.8.239
http://dx.doi.org/10.1088/0953-8984/10/19/011
http://dx.doi.org/10.1103/PhysRevB.75.064102
http://dx.doi.org/10.1103/PhysRevB.74.172104
http://dx.doi.org/10.1103/PhysRevLett.96.047004
http://dx.doi.org/10.1103/PhysRevLett.96.047003
http://dx.doi.org/10.1103/PhysRevB.65.184109
http://dx.doi.org/10.1088/1367-2630/10/6/063022
http://dx.doi.org/10.1088/0953-8984/21/9/095702
http://www.njp.org/


16

[46] Pearson W B 1972 The Crystal Chemistry and Physics of Metals and Alloys (New York: Wiley)
[47] Hume-Rothery W 1962 Atomic Theory for Students of Metallurgy (London: Institute of Metals) p 306
[48] Villers P (ed) 2002 Pauling File Binaries Edition Inorganic Materials Database (Materials Park: ASM

International) Software for Materials Science and Engineering
[49] Atou T, Hasegawa M, Parker L J and Badding J V 1996 J. Am. Chem. Soc. 118 12104
[50] Wyckoff R 1963 Crystal Structures (New York: Interscience)
[51] Franzen H F, Haas C and Jellinek F 1974 Phys. Rev. B 10 1248
[52] King H E and Prewitt C T 1982 Acta Crystallogr. B 38 1877
[53] Nelmes R J, McMahon M I, Belmonte S A and Parise J B 1999 Phys. Rev. B 59 9048
[54] Ono S et al 2008 Earth Planet. Sci. Lett. 272 481
[55] Goodenough J B and Kafalas J A 1967 Phys. Rev. 157 389
[56] Fjellvag H, Hochheimer H D and Hoenle W 1986 Phys. Lett. A 27 293
[57] Mimasaka M, Sakamoto I, Murata K, Fujii Y and Onodera A 1987 J. Phys. C: Solid State Phys. 20 4689
[58] Onodera A et al 1999 J. Phys. Chem. Solids 60 167
[59] Eto T, Ishizuka M, Endo S, Kanomata T and Kikegawa T 2001 J. Alloys Compd. 315 16
[60] Lidin S 1998 Acta Crystallogr. B 54 97
[61] Syassen K unpublished
[62] Kunc K et al 2005 Phys. Status Solidi b 242 1857
[63] Von Schnering H G and Nesper R 1987 Angew. Chem. 26 1059
[64] Grochala W, Hoffmann R, Feng J and Ashcroft N W 2007 Angew. Chem., Int. Ed. Engl. 46 3620
[65] Rousseau B and Ashcroft N W 2008 Phys. Rev. Lett. 101 046407
[66] Barrett C S 1956 Acta Crystallogr. 9 671
[67] Pfisterer H and Schubert K 1950 Z. Metallk. 41 358
[68] Frank K and Schubert K 1970 J. Less-Common Met. 22 349
[69] Ma Y, Eremets M, Oganov A R, Xie Y, Trojan I, Medvedev S, Lyakhov A O, Valle M and Prakapenka V 2009

Nature 458 182

New Journal of Physics 11 (2009) 063037 (http://www.njp.org/)

http://dx.doi.org/10.1021/ja9627003
http://dx.doi.org/10.1103/PhysRevB.10.1248
http://dx.doi.org/10.1107/S0567740882007523
http://dx.doi.org/10.1103/PhysRevB.59.9048
http://dx.doi.org/10.1016/j.epsl.2008.05.017
http://dx.doi.org/10.1103/PhysRev.157.389
http://dx.doi.org/10.1016/0375-9601(86)90363-4
http://dx.doi.org/10.1088/0022-3719/20/29/007
http://dx.doi.org/10.1016/S0022-3697(98)00278-9
http://dx.doi.org/10.1016/S0925-8388(00)01237-8
http://dx.doi.org/10.1107/S010876819701879X
http://dx.doi.org/10.1002/pssb.200461786
http://dx.doi.org/10.1002/anie.198710593
http://dx.doi.org/10.1002/anie.200602485
http://dx.doi.org/10.1103/PhysRevLett.101.046407
http://dx.doi.org/10.1107/S0365110X56001790
http://dx.doi.org/10.1016/0022-5088(70)90085-8
http://dx.doi.org/10.1038/nature07786
http://www.njp.org/

	1. Introduction
	2. Method of analysis
	3. Results
	3.1. Compact structures (bcc, fcc, Sm-type)
	3.2. Na-cI16, distortion of bcc
	3.3. Na-oP8, distortion of NiAs-hP4

	4. Summary and conclusions
	Acknowledgments
	References

